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Àííîòàöèÿ

Â ñòàòüå èññëåäóåòñÿ ñâîéñòâî ïî÷òè íåïðåðûâíîñòè (êîòîðîå ÿâëÿåò-

ñÿ îäíîé èç ý��åêòèâíûõ ìîäè�èêàöèé êëàññè÷åñêîãî ñâîéñòâà íåïðå-

ðûâíîñòè â êîíñòðóêòèâíîì ìàòåìàòè÷åñêîì àíàëèçå øêîëû À.À. Ìàð-

êîâà) êîíñòðóêòèâíûõ îïåðàòîðîâ, çàäàííûõ íà âû÷èñëèìî ïåðå÷èñ-

ëèìûõ (â.ï.) ñíèçó âåùåñòâåííûõ ÷èñëàõ, íàçûâàåìûõ L-îïåðàòîðàìè.

Ïðèâîäèòñÿ êðèòåðèé ïî÷òè íåïðåðûâíîñòè ïðîèçâîëüíîãî âîçðàñòàþ-

ùåãî íà îòðåçêå [a, b] L-îïåðàòîðà F , êîòîðûé çàêëþ÷àåòñÿ â òîì, ÷òî

äëÿ ëþáîãî âåùåñòâåííîãî ε > 0 è äëÿ ëþáîãî ÷èñëà α, ïðèíàäëåæàùåãî

îáðàçó îòðåçêà [a, b] îòíîñèòåëüíî F , ñóùåñòâóåò ÷èñëî β, ïðèíàäëåæà-

ùåå òîìó æå îáðàçó è óäîâëåòâîðÿþùåå óñëîâèþ α < β < α + ε. Ïðè-

âåäåííûé êðèòåðèé ñðàâíèâàåòñÿ ñ èçâåñòíûì êðèòåðèåì íåïðåðûâíî-

ñòè (â êëàññè÷åñêîì ìàòåìàòè÷åñêîì àíàëèçå) âîçðàñòàþùåé íà îòðåçêå

[a, b] �óíêöèè f , ñîãëàñíî êîòîðîìó f íåïðåðûâíà íà [a, b] òîãäà è òîëü-

êî òîãäà, êîãäà ëþáîå ÷èñëî, ïðèíàäëåæàùåå îòðåçêó [f(a), f(b)], ÿâëÿ-

åòñÿ çíà÷åíèåì f . Äîêàçûâàåòñÿ ñóùåñòâîâàíèå âîçðàñòàþùåãî ïî÷òè

íåïðåðûâíîãî L-îïåðàòîðà, ó êîòîðîãî îáëàñòü çíà÷åíèé ñîñòîèò èç âñåõ

â.ï. ñíèçó ÷èñåë, íå ïðèíàäëåæàùèõ íàïåðåä çàäàííîìó îòðåçêó [c, d],

ãäå c 6 d � ïðîèçâîëüíûå ðàöèîíàëüíûå ÷èñëà. Ñòðîèòñÿ âîçðàñòàþ-
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ùèé L-îïåðàòîð, êîòîðûé íå ÿâëÿåòñÿ ïñåâäîíåïðåðûâíûì â íóëå. Òàê-

æå ñòðîèòñÿ âîçðàñòàþùèé ïî÷òè íåïðåðûâíûé L-îïåðàòîð F , íå èìåþ-

ùèé íà îòðåçêå [0, 1] îáðàòíîãî L-îïåðàòîðà è íå ÿâëÿþùèéñÿ íåïðåðûâ-

íûì íà íåì, òàêîé, ÷òî êàæäîå â.ï. ñíèçó ÷èñëî èç îòðåçêà [F (0), F (1)]

ÿâëÿåòñÿ åãî çíà÷åíèåì.

Êëþ÷åâûå ñëîâà è �ðàçû
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Abstra
t

This paper studies the almost 
ontinuity property (whi
h is one of the

e�e
tive modi�
ations of the 
lassi
al 
ontinuity property in 
onstru
tive

mathemati
al analysis of the A.A. Markov s
hool) of 
onstru
tive operators

de�ned on left-
omputably enumerable (left-
.e.) reals, 
alled L-operators.
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A 
riterion is given for the almost 
ontinuity of an arbitrary L-operator F

in
reasing on the segment [a, b], whi
h 
onsists in the fa
t that for any

real ε > 0 and for any real α belonging to the image of the segment

[a, b] with respe
t to F , there exists a real β belonging to the same image

and satisfying the 
ondition α < β < α + ε. The presented 
riterion is


ompared with the well-known 
ontinuity 
riterion (from the standpoint of


lassi
al mathemati
al analysis) of an in
reasing fun
tion f on the segment

[a, b], a

ording to whi
h f is 
ontinuous on [a, b] if and only if any real

belonging to the segment [f(a), f(b)] is a value of f . The existen
e of an

in
reasing almost 
ontinuous L-operator is proved, whose range 
onsists of

all left-
.e. reals that do not belong to a given interval [c, d], where c 6 d

are arbitrary rationals. An in
reasing L-operator is 
onstru
ted that is not

pseudo
ontinuous at 0. An in
reasing almost 
ontinuous L-operator F is

also 
onstru
ted, whi
h does not have an inverse L-operator on the segment

[0, 1] and that is not 
ontinuous on this segment, su
h that ea
h left-
.e.

real from the segment [F (0), F (1)] is its value.
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�1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Â íàñòîÿùåé ñòàòüå èçó÷àþòñÿ îïåðàòîðû, ý��åêòèâíî îòîáðàæàþùèå

âû÷èñëèìî ïåðå÷èñëèìûå (â.ï.) ñíèçó âåùåñòâåííûå ÷èñëà

1

â íèõ æå, è

ñâîéñòâà èõ íåïðåðûâíîñòè ñ ïîçèöèè êîíñòðóêòèâíîãî ìàòåìàòè÷åñêîãî

àíàëèçà øêîëû Ìàðêîâà [1�3℄ (îïðåäåëåíèÿ âñåõ óïîìèíàåìûõ âî ââåäåíèè

ñâîéñòâ íåïðåðûâíîñòè êîíñòðóêòèâíûõ îïåðàòîðîâ ïðèâîäÿòñÿ â ïîñëå-

äóþùèõ ðàçäåëàõ ñòàòüè).

Îäíèì èç êëàññè÷åñêèõ ðåçóëüòàòîâ êîíñòðóêòèâíîãî ìàòåìàòè÷åñêî-

ãî àíàëèçà ÿâëÿåòñÿ òåîðåìà î íåïðåðûâíîñòè êîíñòðóêòèâíûõ îïåðàòî-

ðîâ, çàäàííûõ íà ìíîæåñòâå FR-÷èñåë (âû÷èñëèìûõ âåùåñòâåííûõ ÷èñåë)

(ñì. [2�4℄). Â [5, 6℄ èññëåäîâàëèñü ñâîéñòâà íåïðåðûâíîñòè êîíñòðóêòèâíûõ

1

Â çàðóáåæíîé ëèòåðàòóðå îíè íàçûâàþòñÿ �left-
.e. reals� (ñì., íàïðèìåð, [8℄).
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îïåðàòîðîâ, çàäàííûõ íà ìíîæåñòâàõ êâàçè÷èñåë (FR-÷èñåë áåç ðåãóëÿ-

òîðîâ �óíäàìåíòàëüíîñòè) è ïñåâäî÷èñåë (ïðåäåëîâ âû÷èñëèìûõ ïîñëå-

äîâàòåëüíîñòåé ðàöèîíàëüíûõ ÷èñåë). Â ïðîöèòèðîâàííûõ ðàáîòàõ áûëî

óñòàíîâëåíî, ÷òî òàêèå îïåðàòîðû, âîîáùå ãîâîðÿ, óæå íå ÿâëÿþòñÿ íåïðå-

ðûâíûìè, íî âñå îíè îáëàäàþò ñâîéñòâîì ïî÷òè íåïðåðûâíîñòè, êîòîðîå

ìîæíî ðàññìàòðèâàòü êàê êîíå÷íóþ âû÷èñëèìóþ ñâåðõó àïïðîêñèìàöèþ

ïîíÿòèÿ íåïðåðûâíîñòè.

Â ðàáîòå [7℄ èçó÷àëèñü ñâîéñòâà íåïðåðûâíîñòè êîíñòðóêòèâíûõ îïå-

ðàòîðîâ, çàäàííûõ íà â.ï. ñíèçó âåùåñòâåííûõ ÷èñëàõ (ïðåäåëàõ íåóáûâà-

þùèõ îãðàíè÷åííûõ ñâåðõó âû÷èñëèìûõ ïîñëåäîâàòåëüíîñòåé ðàöèîíàëü-

íûõ ÷èñåë), íàçûâàåìûõ L-îïåðàòîðàìè. Ýòè ÷èñëà çàíèìàþò ïðîìåæó-

òî÷íóþ ïî âêëþ÷åíèþ ïîçèöèþ ìåæäó FR-÷èñëàìè è ïñåâäî÷èñëàìè, íî â
îòëè÷èè îò íèõ îíè îáëàäàþò âû÷èñëèìîé íóìåðàöèåé (ñì., íàïðèìåð, [9℄)

è ïîýòîìó ñîîòíîñÿòñÿ ñ íèìè â êîíñòðóêòèâíîì àíàëèçå êàê â.ï. ìíîæå-

ñòâà ñ âû÷èñëèìûìè è ïðåäåëüíî âû÷èñëèìûìè ìíîæåñòâàìè â òåîðèè

ðåêóðñèè. Â [7℄ áûëî ïîêàçàíî, ÷òî êàæäûé L-îïåðàòîð ÿâëÿåòñÿ íåóáû-

âàþùèì è ïî÷òè íåïðåðûâíûì ñëåâà, íî ìîæåò íå ÿâëÿòüñÿ ïî÷òè íåïðå-

ðûâíûì. Òàì æå óñòàíîâëåíî, ÷òî ïî÷òè íåïðåðûâíûå L-îïåðàòîðû ìîãóò

íå áûòü íåïðåðûâíûìè íè ñëåâà, íè ñïðàâà.

Â íàñòîÿùåé ñòàòüå èññëåäóþòñÿ ñâîéñòâà íåïðåðûâíîñòè L-îïåðàòîðîâ
íà îòðåçêàõ. Â íåé ïðèâîäèòñÿ êðèòåðèé ïî÷òè íåïðåðûâíîñòè L-îïåðàòîðà,
âîçðàñòàþùåãî íà îòðåçêå, ñõîæèé ñ èçâåñòíûì êðèòåðèåì íåïðåðûâíî-

ñòè âîçðàñòàþùåé íà îòðåçêå �óíêöèè èç êëàññè÷åñêîãî ìàòåìàòè÷åñêîãî

àíàëèçà (ñîãëàñíî êîòîðîìó âîçðàñòàþùàÿ íà îòðåçêå [a, b] �óíêöèÿ f âå-

ùåñòâåííîé ïåðåìåííîé íåïðåðûâíà íà íåì òîãäà è òîëüêî òîãäà, êîãäà

ëþáîå ÷èñëî γ ∈ [f(a), f(b)] ÿâëÿåòñÿ çíà÷åíèåì f), íî òåì íå ìåíåå íå

ÿâëÿþùèéñÿ åãî êîíñòðóêòèâíûì àíàëîãîì. Òàêæå â ñòàòüå èññëåäóåòñÿ

âîïðîñ îá îáðàòèìîñòè âîçðàñòàþùåãî è ïî÷òè íåïðåðûâíîãî íà îòðåç-

êå L-îïåðàòîðà, êîòîðàÿ â êëàññè÷åñêîì àíàëèçå èìååò ìåñòî äëÿ ëþáîé

âîçðàñòàþùåé è íåïðåðûâíîé íà îòðåçêå �óíêöèè âåùåñòâåííîé ïåðåìåí-

íîé. Îòìåòèì, ÷òî ñâîéñòâà íåïðåðûâíîñòè L-îïåðàòîðîâ è èõ îáîáùåíèé
àêòèâíî èññëåäóþòñÿ ñ íà÷àëà XXI ñòîëåòèÿ. Òàê â ðàáîòå [10℄ îíè èññëå-

äóþòñÿ êàê ý��åêòèâíûå îòîáðàæåíèÿ â ðåêóðñèâíûõ êâàçè-ìåòðè÷åñêèõ

ïðîñòðàíñòâàõ. Â ðàáîòàõ [11, 12℄ îáîáùåííûå L-îïåðàòîðû èçó÷àþòñÿ â

êîíòåêñòå êîëìîãîðîâñêîé ñëîæíîñòè è ñ ïîçèöèè ñèíòåòè÷åñêîé âû÷èñëè-

ìîñòè. Â [13, 14℄ ðàññìàòðèâàþòñÿ îïåðàòîðû, êîíñòðóêòèâíûå â ñìûñëå

Áàíàõà-Ìàçóðà.

Â îáîçíà÷åíèÿõ è òåðìèíîëîãèè òåîðèè âû÷èñëèìîñòè ìû ïðèäåðæè-

âàåìñÿ ìîíîãðà�èè [15℄. ×åðåç ϕ
(n)
e , n > 1, îáîçíà÷àåì n-ìåñòíóþ ÷àñòè÷íî

âû÷èñëèìóþ �óíêöèþ ñ ãåäåëåâñêèì íîìåðîì e. Ïðè n = 1 âåðõíèé èí-

äåêñ áóäåì îïóñêàòü. Äëÿ ÷àñòè÷íîé �óíêöèè ψ åå îáëàñòü îïðåäåëåíèÿ
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îáîçíà÷àåòñÿ ÷åðåç domψ, à îáëàñòü çíà÷åíèé � ÷åðåç ranψ. Èñïîëüçóåì
çàïèñü ψ(x) ↓, åñëè x ∈ domψ, è ψ(x) ↑, â ïðîòèâíîì ñëó÷àå.

�2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü {qi}i∈N � íåêîòîðàÿ âû÷èñëèìàÿ íóìåðàöèÿ ìíîæåñòâà âñåõ ðà-

öèîíàëüíûõ ÷èñåë. Äëÿ êàæäîãî e ∈ N ÷åðåç ρe îáîçíà÷àåì ÷àñòè÷íóþ

�óíêöèþ èç N â Q, îïðåäåëåííóþ íà âñåõ x ∈ domϕe ðàâåíñòâîì ρe(x) =
qϕe(x) è íåîïðåäåëåííóþ íà âñåõ x 6∈ domϕe.

×èñëî α ∈ R íàçûâàåòñÿ â.ï. ñíèçó (ñâåðõó), åñëè ñóùåñòâóåò e, äëÿ êî-

òîðîãî ρe âñþäó îïðåäåëåíà è íå óáûâàåò (íå âîçðàñòàåò) è α = limx ρe(x).
Â äàëüíåéøåì â.ï. ñíèçó ÷èñëà áóäåì îòîæäåñòâëÿòü ñ èõ ãåäåëåâñêèìè

íîìåðàìè èç ìíîæåñòâà

L = {e : ρe âñþäó îïðåäåëåíà, íå óáûâàåò è îãðàíè÷åíà ñâåðõó}.

Àíàëîãè÷íî îïðåäåëÿåòñÿ ìíîæåñòâîR, ñ ýëåìåíòàìè êîòîðîãî áóäåì îòîæ-

äåñòâëÿòü â.ï. ñâåðõó ÷èñëà. Äëÿ êàæäîãî e ∈ L ∪R ÷åðåç αe áóäåì îáî-

çíà÷àòü ïðåäåë limx ρe(x). Çà�èêñèðóåì íåêîòîðóþ âû÷èñëèìóþ �óíêöèþ

S : Q → L, óäîâëåòâîðÿþùóþ äëÿ âñåõ q ∈ Q óñëîâèþ

αS(q) = q.

Ñëåäóÿ [5, 7℄, íàçîâåì îòîáðàæåíèå F : L → L L-îïåðàòîðîì, åñëè αF (e) =
αF (i) äëÿ âñåõ e, i ∈ L, äëÿ êîòîðûõ αe = αi, è ñóùåñòâóåò òàêàÿ ÷à-

ñòè÷íî âû÷èñëèìàÿ �óíêöèÿ ψ, ÷òî L ⊆ domψ è F (e) = ψ(e) äëÿ âñåõ

e ∈ L. Åñëè ÷àñòè÷íî âû÷èñëèìàÿ �óíêöèÿ ψ óäîâëåòâîðÿåò îïðåäåëåíèþ

L-îïåðàòîðà F , òî áóäåì ãîâîðèòü, ÷òî îíà çàäàåò L-îïåðàòîð F .
Â [7℄ áûëî óñòàíîâëåíî, ÷òî êàæäûé L-îïåðàòîð F ÿâëÿåòñÿ íåóáûâà-

þùèì (ò. å. αF (i) 6 αF (e) äëÿ âñåõ e, i ∈ L ñ αi 6 αe) è ïî÷òè íåïðåðûâíûì

ñëåâà. Ïîñëåäíåå îçíà÷àåò, ÷òî ñóùåñòâóåò íåóáûâàþùàÿ ïî òðåòüåìó àð-

ãóìåíòó òåðíàðíàÿ ÷àñòè÷íî âû÷èñëèìàÿ �óíêöèÿ ξ : N × N × N → N,

òàêàÿ, ÷òî L×N×N ⊆ dom ξ, äëÿ âñåõ e ∈ L è n ∈ N ïîñëåäîâàòåëüíîñòü

{ξ(e, n, s)}s∈N ñòàáèëèçèðóåòñÿ íà ýëåìåíòå, êîòîðûé áóäåì îáîçíà÷àòü ÷å-

ðåç ξ̂(e, n), è ïðè ëþáîì i ∈ L èç íåðàâåíñòâà

0 6 αe − αi < 2−ξ̂(e,n)
(1)

ñëåäóåò íåðàâåíñòâî

αF (e) − αF (i) < 2−n. (2)
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Ïîìåíÿâ â äâóõ ïîñëåäíèõ íåðàâåíñòâàõ e è i ìåñòàìè, ïîëó÷èì îïðåäå-

ëåíèå ïî÷òè íåïðåðûâíîãî ñïðàâà L-îïåðàòîðà. Ïî÷òè íåïðåðûâíûå îäíî-
âðåìåííî ñëåâà è ñïðàâà L-îïåðàòîðû íàçûâàþòñÿ ïî÷òè íåïðåðûâíûìè.

Çàìåòèì, ÷òî åñëè â îïðåäåëåíèè ïî÷òè íåïðåðûâíîãî ñëåâà L-îïåðàòîðà
íåðàâåíñòâà (1) è (2) çàìåíèòü ñîîòâåòñòâåííî íåðàâåíñòâàìè

|αe − αi| < 2−ξ̂(e,n),

|αF (e) − αF (i)| < 2−n,

òî ïîëó÷èì ðàâíîñèëüíîå îïðåäåëåíèå ïî÷òè íåïðåðûâíîãî L-îïåðàòîðà.

Åñëè äëÿ L-îïåðàòîðà F ñóùåñòâóåò áèíàðíàÿ ÷àñòè÷íî âû÷èñëèìàÿ

�óíêöèÿ δ : N×N → N ñ L×N ⊆ dom δ, óäîâëåòâîðÿþùàÿ äëÿ âñåõ e ∈ L

è n ∈ N óñëîâèþ (2) âñÿêèé ðàç êîãäà

0 6 αe − αi < 2−δ(e,n),

òî îí íàçûâàåòñÿ íåïðåðûâíûì ñëåâà. Ïîìåíÿâ â äâóõ ïîñëåäíèõ óñëîâè-

ÿõ e è i ìåñòàìè, ïîëó÷èì îïðåäåëåíèå íåïðåðûâíîãî ñïðàâà L-îïåðàòîðà.
Íåïðåðûâíûå îäíîâðåìåííî ñëåâà è ñïðàâà L-îïåðàòîðû íàçûâàþòñÿ íåïðå-

ðûâíûìè. Äëÿ ýòîãî è ïîñëåäóþùèõ îïðåäåëåíèé ñâîéñòâ íåïðåðûâíîñòè

ñïðàâåäëèâî òî æå çàìå÷àíèå, ÷òî è äëÿ îïðåäåëåíèÿ ïî÷òè íåïðåðûâíîãî

L-îïåðàòîðà.

Ñêàæåì, ÷òî L-îïåðàòîð F ïñåâäîíåïðåðûâåí ñëåâà (ñïðàâà) â òî÷êå

e ∈ L, åñëè äëÿ ëþáîãî âåùåñòâåííîãî ε > 0 ñóùåñòâóåò δ > 0, òàêîå, ÷òî
äëÿ ëþáîãî i ∈ L èç

0 6 αe − αi < δ (0 6 αi − αe < δ)

ñëåäóåò

αF (e) − αF (i) < ε (αF (i) − αF (e) < ε).

Åñëè F â òî÷êå e ÿâëÿåòñÿ îäíîâðåìåííî ïñåâäîíåïðåðûâíûì ñëåâà è ñïðà-

âà, òî îí íàçûâàåòñÿ ïñåâäîíåïðåðûâíûì â e.

Íàçîâåì L-îïåðàòîð F ïñåâäîíåïðåðûâíûì (ñëåâà, ñïðàâà) íà îòðåçêå

[αk, αl], ãäå k, l ∈ L, åñëè îí ïñåâäîíåïðåðûâåí (ñëåâà, ñïðàâà ñîîòâåò-

ñòâåííî) â êàæäîé òî÷êå e ∈ L ñ αe ∈ [αk, αl]. Åñëè ó÷àñòâóþùèå â îïðåäå-
ëåíèÿõ ïî÷òè íåïðåðûâíûõ è íåïðåðûâíûõ ñëåâà (ñïðàâà) L-îïåðàòîðîâ
÷èñëà e, i ∈ L îãðàíè÷èòü óñëîâèåì αe, αi ∈ [αk, αl], ïîëó÷èì îïðåäåëåíèå

ïî÷òè íåïðåðûâíûõ è íåïðåðûâíûõ ñëåâà (ñïðàâà) íà îòðåçêå [αk, αl] L-
îïåðàòîðîâ. Ïî÷òè íåïðåðûâíûå (íåïðåðûâíûå) íà îòðåçêå ñëåâà è ñïðàâà

L-îïåðàòîðû íàçûâàþòñÿ ïî÷òè íåïðåðûâíûìè (íåïðåðûâíûìè) íà íåì.
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Åñëè ÷èñëî j ∈ N òàêîå, ÷òî äëÿ âñåõ e, i ∈ L ñ αk 6 αe, αi 6 αl è âñåõ

n ∈ N âûïîëíÿåòñÿ ϕ
(2)
j (e, n) ↓ è âñÿêèé ðàç, êîãäà

|αe − αi| < 2−ϕ
(2)
j (e,n),

ñïðàâåäëèâî íåðàâåíñòâî

|αF (e) − αF (i)| < 2−n,

òî F íàçûâàåòñÿ íåïðåðûâíûì íà îòðåçêå [αk, αl] ïîñðåäñòâîì ϕ
(2)
j .

Áóäåì ãîâîðèòü, ÷òî L-îïåðàòîð F âîçðàñòàåò íà îòðåçêå [αk, αl], åñëè
αF (i) < αF (e) äëÿ âñåõ e, i ∈ L ñ αk 6 αi < αe 6 αl. Íàçîâåì F ðàâíîìåðíî

ïñåâäîíåïðåðûâíûì íà îòðåçêå [αk, αl], åñëè äëÿ ëþáîãî âåùåñòâåííîãî

ε > 0 ñóùåñòâóåò òàêîå âåùåñòâåííîå δ > 0, ÷òî αF (e) − αF (i) < ε äëÿ âñåõ

e, i ∈ L, äëÿ êîòîðûõ αe, αi ∈ [αk, αl] è 0 6 αe − αi < δ.

Ñêàæåì, ÷òî L-îïåðàòîð G ÿâëÿåòñÿ îáðàòíûì ê F íà îòðåçêå [αk, αl],
åñëè

αF (G(e)) = αe

äëÿ âñåõ e ∈ L ñ αe ∈ [αF (k), αF (l)].

�3. Îñíîâíûå ðåçóëüòàòû

Ñïåðâà äîêàæåì àíîíñèðîâàííûé âî ââåäåíèè êðèòåðèé ïî÷òè íåïðå-

ðûâíîñòè âîçðàñòàþùåãî íà îòðåçêå L-îïåðàòîðà.

Òåîðåìà 1. Ïóñòü F � âîçðàñòàþùèé íà îòðåçêå [αk, αl], k, l ∈ L, L-
îïåðàòîð. Òîãäà äëÿ òîãî, ÷òîáû F áûë ïî÷òè íåïðåðûâíûì íà ýòîì îò-

ðåçêå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî e ∈ ranF , òàêîãî, ÷òî
αe ∈ [αF (k), αF (l)], è ëþáîãî âåùåñòâåííîãî ε > 0 ñóùåñòâîâàëî i ∈ ranF ,
äëÿ êîòîðîãî αi ∈ [αF (k), αF (l)] è αi ∈ (αe, αe + ε).

Äîêàçàòåëüñòâî. Íà÷íåì ñ äîêàçàòåëüñòâà íåîáõîäèìîñòè. Â òåîðåìå 2

èç ðàáîòû [7℄ áûëî óñòàíîâëåíî, ÷òî L-îïåðàòîð ÿâëÿåòñÿ ïî÷òè íåïðå-

ðûâíûì òîãäà è òîëüêî òîãäà, êîãäà îí ïñåâäîíåïðåðûâåí ñïðàâà. Ïðÿìîé

ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî ýòà òåîðåìà îñòàåòñÿ âåðíîé è äëÿ ïî÷òè

íåïðåðûâíîñòè íà îòðåçêå [αk, αl]. Ïîñêîëüêó F ïñåâäîíåïðåðûâåí ñïðàâà

íà [αk, αl] è âîçðàñòàåò íà ýòîì îòðåçêå, íåìåäëåííî ïîëó÷àåì íåîáõîäè-

ìîñòü óñëîâèÿ òåîðåìû.

Äëÿ äîêàçàòåëüñòâî äîñòàòî÷íîñòè óñëîâèÿ òåîðåìû ñòîèò ëèøü çà-

ìåòèòü, ÷òî èç íåãî, ñ ó÷åòîì òîãî, ÷òî F íå óáûâàåò, íåïîñðåäñòâåííî

âûòåêàåò ïñåâäîíåïðåðûâíîñòü F ñïðàâà.
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Òåïåðü ïîêàæåì, ÷òî ïîëó÷åííûé êðèòåðèé íå ÿâëÿåòñÿ êîíñòðóêòèâ-

íûì âàðèàíòîì àíàëîãè÷íîãî êðèòåðèÿ íåïðåðûâíîñòè èç êëàññè÷åñêîãî

àíàëèçà. Ñëåäóþùàÿ òåîðåìà òàêæå ïîêàçûâàåò, ÷òî ïî÷òè íåïðåðûâíûå

íà îòðåçêå L-îïåðàòîðû ìîãóò íå áûòü ðàâíîìåðíî ïñåâäîíåïðåðûâíûìè

íà íåì.

Òåîðåìà 2. Äëÿ ëþáûõ ðàöèîíàëüíûõ ÷èñåë c 6 d ñóùåñòâóåò âîçðàñ-

òàþùèé ïî÷òè íåïðåðûâíûé L-îïåðàòîð F , òàêîé, ÷òî

⋃

i∈ranF

{e ∈ L : αe = αi} = L \ {e ∈ L : c 6 αe 6 d}. (3)

Äîêàçàòåëüñòâî. Çà�èêñèðóåì êàêîå-íèáóäü ÷èñëî w ∈ R \ L, äëÿ

êîòîðîãî ρw óáûâàåò (ñì., íàïðèìåð, [8℄). Äàëåå äëÿ êàæäîãî k çíà÷åíèå

ρw(k) áóäåì îáîçíà÷àòü ÷åðåç pk. ×òîáû îïðåäåëèòü èñêîìûé îïåðàòîð F ,

ïîñòðîèì âîçðàñòàþùèå ïîñëåäîâàòåëüíîñòè ðàöèîíàëüíûõ ÷èñåë {âk}k∈N,

{b̂k}k∈N è óáûâàþùóþ ïîñëåäîâàòåëüíîñòü ðàöèîíàëüíûõ ÷èñåë {rk}k∈N,
äëÿ êîòîðûõ

lim
k
âk = αw & lim

k
b̂k = c& lim

k
rk = d.

Ïîñëå ýòîãî îïðåäåëèì F êàê êóñî÷íî-ëèíåéíóþ �óíêöèþ, óäîâëåòâîðÿ-

þùóþ óñëîâèÿì

∀k [αF (S(âk)) = b̂k &αF (S(pk)) = rk], (4)

∀i ∈ L [αi ∈ (−∞, â0) ∪ (r0,+∞) ⇒ αF (i) = αi]. (5)

Òàêèì îáðàçîì, áóäåì èìåòü ñïðàâåäëèâîñòü ðàâåíñòâà (3) è ÷òî F áóäåò

âîçðàñòàþùèì è ïñåâäîíåïðåðûâíûì ñïðàâà. Ïîñëåäíåå, ñîãëàñíî òåîðå-

ìå 2 [7℄, áóäåò ãàðàíòèðîâàòü åãî ïî÷òè íåïðåðûâíîñòü.

Îäíîâðåìåííî ñ ïîñëåäîâàòåëüíîñòÿìè {âk}k∈N, {b̂k}k∈N è {rk}k∈N áóäåì
ñòðîèòü â.ï. áèíàðíîå îòíîøåíèå P ⊆ Q×Q, òàêîå, ÷òî

∀y ∈ Q∃z ∈ Q [〈y, z〉 ∈ P ] (6)

è ÷òî îïðåäåëèâ F êàê îòîáðàæåíèå e 7→ f(e), e ∈ L, ãäå f � âû÷èñëèìàÿ

�óíêöèÿ, óäîâëåòâîðÿþùàÿ äëÿ âñåõ i ∈ L óñëîâèþ

αf(i) = sup{z ∈ Q : ∃x ∈ N∃y ∈ Q [y < ρi(x)] & 〈y, z〉 ∈ P}, (7)

ïîëó÷èì, ÷òî F ÿâëÿåòñÿ L-îïåðàòîðîì è äëÿ íåãî âûïîëíÿþòñÿ óñëî-

âèÿ (4) è (5). Ñïðàâåäëèâîñòü ðàâåíñòâà (3) äëÿ îïðåäåëåííîãî òàêèì îá-

ðàçîì îïåðàòîðà F áóäåò ñëåäîâàòü èç òîãî, ÷òî w 6∈ L.
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Ïîñòðîåíèå.

Øàã 0. Âûáåðåì óáûâàþùóþ âû÷èñëèìóþ ïîñëåäîâàòåëüíîñòü {rk}k∈N,
ãäå rk ∈ Q, òàêóþ, ÷òî limk rk = d. Äëÿ êàæäîãî k ∈ N è êàæäîãî u ∈ Q

åñëè pk+1 6 u 6 pk, òî äîáàâèì â P ïàðó 〈u, yku〉, ãäå

yku =
rk+1 − rk

pk+1 − pk
u−

rk+1 − rk

pk+1 − pk
pk + rk.

Òàêæå äëÿ êàæäîãî u > p0 äîáàâèì â P ïàðó 〈u, r0 + u〉.
Âûáåðåì ðàöèîíàëüíûå a0 è b0, äëÿ êîòîðûõ a0 < αw−1 è b0 < c, è äëÿ

êàæäîãî ðàöèîíàëüíîãî u < a0 äîáàâèì â P ïàðó 〈u, b0 − u〉. Äëÿ êàæäîãî
k ∈ N îïðåäåëèì a0k = a0, åñëè k = 0, è a0k = p0 − 2−k

, åñëè k > 0. Ïóñòü
{bk+1}k∈N, bk+1 ∈ Q � âû÷èñëèìàÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü, òà-

êàÿ, ÷òî b0 < b1 è limk bk = c. Äëÿ êàæäîãî k ∈ N ïîëîæèì b0k = bk.

Øàã s + 1. Åñëè ñóùåñòâóåò i 6 s, êîòîðîå âìåñòå ñ íåêîòîðûì k 6 s

óäîâëåòâîðÿåò óñëîâèþ

pi > ask, (8)

òî âûáåðåì íàèáîëüøåå òàêîå i è íàèìåíüøåå k, óäîâëåòâîðÿþùåå âìåñòå

ñ íèì óñëîâèþ (8). Ïîñêîëüêó a0 < αw − 1, èìååì, ÷òî k > 0. Çàòåì (íåêî-

òîðûì íàïåðåä �èêñèðîâàííûì ðàâíîìåðíûì ñïîñîáîì) âûáåðåì âîçðàñ-

òàþùóþ âû÷èñëèìóþ ïîñëåäîâàòåëüíîñòü {ak+m}m∈N, ak+m ∈ Q, òàêóþ,

÷òî

ak > ask−1& ∀m ∈ N [ak+m − ak−1+m < 2−s] & lim
m
ak+m = pi, (9)

è ïîñëå ýòîãî äëÿ âñåõ m îïðåäåëèì

as+1
k+m = ak+m.

Äëÿ âñåõ j < k ïîëîæèì as+1
j = asj . Äàëåå, âûáåðåì âîçðàñòàþùóþ âû÷èñ-

ëèìóþ ïîñëåäîâàòåëüíîñòü {bk+m}m∈N, bk+m ∈ Q, òàêóþ, ÷òî

bk > bsk−1& lim
m
bk+m = c,

à òàêæå

∀m ∈ N [bk+m > z] (10)

äëÿ âñåõ òàêèõ z, ÷òî íà îäíîì èç ïðåäûäóùèõ øàãîâ ïîñòðîåíèÿ äëÿ

íåêîòîðûõ n è t â P áûëà äîáàâëåíà ïàðà 〈atn, z〉. Ïîñëå ýòîãî äëÿ âñåõ m
îïðåäåëèì

bs+1
k+m = bk+m.

Äëÿ âñåõ j < k ïîëîæèì bs+1
j = bsj .

Åñëè æå íè äëÿ êàêèõ i 6 s è k 6 s óñëîâèå (8) íå âûïîëíÿåòñÿ, òî äëÿ

âñåõ j ïîëàãàåì as+1
j = asj è b

s+1
j = bsj .
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Òåïåðü äëÿ êàæäîãî íàòóðàëüíîãî k 6 s è êàæäîãî ðàöèîíàëüíîãî u,

äëÿ êîòîðîãî

a0 6 u 6 as+1
k+1,

äîáàâèì â P ïàðó 〈u, zsk,u〉, ãäå

zsk,u =
bs+1
k+1 − bs+1

k

as+1
k+1 − as+1

k

u−
bs+1
k+1 − bs+1

k

as+1
k+1 − as+1

k

as+1
k + bs+1

k .

Ýòèì çàâåðøàåòñÿ îïèñàíèå ïîñòðîåíèÿ.

Â êîíöå ïîñòðîåíèÿ ïîëîæèì F (e) = f(e), e ∈ L, ãäå f � âû÷èñëèìàÿ

�óíêöèÿ, óäîâëåòâîðÿþùàÿ äëÿ âñåõ i ∈ L óñëîâèþ (7).

Ïîêàæåì, ÷òî îïåðàòîð F ÿâëÿåòñÿ èñêîìûì. Íà íóëåâîì øàãå ïîñòðî-

åíèÿ îáåñïå÷èâàåòñÿ, ÷òî limk rk = d, à òàêæå ÷òî

αF (S(pk)) = rk

äëÿ âñåõ k è αF (i) = αi äëÿ âñåõ i ∈ L, äëÿ êîòîðûõ αi ∈ (r0,+∞).
Ïîñêîëüêó íà êàæäîì øàãå s+1 ïîñòðîåíèÿ âûïîëíÿþòñÿ ïðîâåðêè (8)

è (9), à ÷èñëî αw íå ðàöèîíàëüíîå, èìååì, ÷òî äëÿ êàæäîãî k ñóùåñòâóåò

ëèøü êîíå÷íîå ÷èñëî øàãîâ s + 1, íà êîòîðûõ âûïîëíÿåòñÿ as+1
k 6= ask.

Ïîýòîìó äëÿ êàæäîãî k ñóùåñòâóåò êîíå÷íûé ïðåäåë

âk ⇌ lim
s
ask ∈ Q,

ïðè÷åì ïîñëåäîâàòåëüíîñòü {âk}k∈N âîçðàñòàåò è limk âk = αw. Òåïåðü

íåïîñðåäñòâåííî èç ïîñòðîåíèÿ ñëåäóåò, ÷òî äëÿ êàæäîãî k ñóùåñòâóåò

ëèøü êîíå÷íîå ÷èñëî øàãîâ s + 1, íà êîòîðûõ âûïîëíÿåòñÿ bs+1
k 6= bsk, è

÷òî äëÿ êàæäîãî k ñóùåñòâóåò êîíå÷íûé ïðåäåë

b̂k ⇌ lim
s
bsk ∈ Q,

ïðè÷åì ïîñëåäîâàòåëüíîñòü {b̂k}k∈N âîçðàñòàåò è limk b̂k = c. Ïîñêîëüêó

w 6∈ L, èìååì αF (v) < c äëÿ ëþáîãî v ∈ L ñ αv < αw. Êðîìå òîãî, íà

íóëåâîì øàãå ïîñòðîåíèÿ îáåñïå÷èâàåòñÿ, ÷òî αF (i) = αi äëÿ âñåõ i ∈ L,

äëÿ êîòîðûõ αi ∈ (−∞, â0) (çàìåòèì, ÷òî â0 = a0 < αw−1). Òàêèì îáðàçîì,

F óäîâëåòâîðÿåò óñëîâèþ (5). Ïîñêîëüêó ïåðåä äîáàâëåíèåì â P ïàð âèäà

〈u, zsk,u〉 âûïîëíÿþòñÿ ïðîâåðêè (10), èìååì, ÷òî

αF (S(âk)) = b̂k

äëÿ âñåõ k. Ñòàëî áûòü, F òàêæå óäîâëåòâîðÿåò óñëîâèþ (4). Ýòèì çàâåð-

øàåòñÿ äîêàçàòåëüñòâî òåîðåìû.
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Ñëåäóþùåå ïðåäëîæåíèå ïîêàçûâàåò íåòðèâèàëüíîñòü êðèòåðèÿ èç òåî-

ðåìû 1, à èìåííî, ÷òî âîçðàñòàþùèå íà îòðåçêå L-îïåðàòîðû ìîãóò íå áûòü

ïî÷òè íåïðåðûâíûìè è äàæå ïñåâäîíåïðåðûâíûìè íà íåì.

Ïðåäëîæåíèå 1. Ñóùåñòâóåò âîçðàñòàþùèé L-îïåðàòîð, êîòîðûé íå

ÿâëÿåòñÿ ïñåâäîíåïðåðûâíûì â íóëå.

Äîêàçàòåëüñòâî. Ïðåäëîæåíèþ óäîâëåòâîðÿåò L-îïåðàòîð F , îïðåäå-
ëåííûé äëÿ âñåõ e ∈ L ñëåäóþùèì îáðàçîì:

F (e) =

{
e, åñëè αe 6 0,

h(e), åñëè αe > 0,

ãäå h � òàêàÿ âû÷èñëèìàÿ �óíêöèÿ, ÷òî h(i) ∈ L è αh(i) = 1+αi äëÿ âñåõ

i ∈ L.

Â êëàññè÷åñêîì àíàëèçå èçâåñòíî, ÷òî ëþáàÿ âîçðàñòàþùàÿ è íåïðå-

ðûâíàÿ íà îòðåçêå �óíêöèÿ îáðàòèìà íà íåì. Èç ñëåäóþùåé òåîðåìû âû-

òåêàåò, ÷òî äëÿ L-îïåðàòîðîâ êîíñòðóêòèâíûé àíàëîã ýòîãî óòâåðæäåíèÿ

íå èìååò ìåñòà. Â íåé òàêæå äîêàçûâàåòñÿ, ÷òî êëàññè÷åñêèé êðèòåðèé

íåïðåðûâíîñòè íà îòðåçêå âîçðàñòàþùåé íà íåì �óíêöèè íå ÿâëÿåòñÿ êðè-

òåðèåì íåïðåðûâíîñòè äëÿ L-îïåðàòîðîâ.

Òåîðåìà 3. Ñóùåñòâóåò âîçðàñòàþùèé L-îïåðàòîð F , íå èìåþùèé îá-
ðàòíîãî L-îïåðàòîðà íà îòðåçêå [0, 1] è íå ÿâëÿþùèéñÿ íåïðåðûâíûì ñëå-

âà íà íåì, òàêîé, ÷òî äëÿ êàæäîãî e ∈ L, óäîâëåòâîðÿþùåãî óñëîâèþ

0 6 αe 6 1, ñóùåñòâóåò i ∈ L, äëÿ êîòîðîãî αe = αF (i).

Äîêàçàòåëüñòâî. Ïîñòðîèì â.ï. áèíàðíîå îòíîøåíèå P ⊆ Q ×Q, óäî-

âëåòâîðÿþùåå óñëîâèþ (6), à çàòåì äëÿ âñåõ e ∈ L îïðåäåëèì F (e) = f(e),
ãäå f � âû÷èñëèìàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ äëÿ âñåõ i ∈ L óñëî-

âèþ (7).

Äëÿ êàæäîãî ðàöèîíàëüíîãî u, òàêîãî, ÷òî ëèáî u 6 0, ëèáî 1 6 u,

äîáàâèì â P ïàðó 〈u, u〉. Çà�èêñèðóåì óáûâàþùèå âû÷èñëèìûå ïîñëåäî-

âàòåëüíîñòè {pk}k∈N è {rk}k∈N ðàöèîíàëüíûõ ÷èñåë, óäîâëåòâîðÿþùèå ñëå-
äóþùèì óñëîâèÿì:

p0 = r0 = 1& lim
k
pk = lim

k
rk = 0,

è äëÿ êàæäîãî k ∈ N è êàæäîãî u ∈ Q åñëè pk+1 6 u 6 pk, òî äîáàâèì â P

ïàðó 〈u, yku〉, ãäå

yku =
rk+1 − rk

pk+1 − pk
u−

rk+1 − rk

pk+1 − pk
pk + rk.
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Äàëåå, äëÿ êàæäîãî k ââåäåì îáîçíà÷åíèå

tk = rk+1 +
rk − rk+1

2

è çà�èêñèðóåì wk, äëÿ êîòîðîãî 〈wk, tk〉 ∈ P . Òåïåðü äëÿ êàæäîãî k íà÷íåì

äîáàâëÿòü â P íîâûå ïàðû òàêèì îáðàçîì, ÷òîáû ïðè ÷åòíîì k ÷àñòè÷íàÿ

�óíêöèÿ ϕj, ãäå j =
k
2
, íà çàäàâàëà îáðàòíûé äëÿ F L-îïåðàòîð íà îòðåçêå

[0, 1], è ÷òîáû ïðè íå÷åòíîì k îïåðàòîð F íå áûë íåïðåðûâíûì íà [0, 1]

ïîñðåäñòâîì ϕ
(2)
j , ãäå j = k−1

2
.

Ïóñòü k ÷åòíî. Åñëè

ϕj(S(tk)) ↓ & ∃n [ρϕj(S(tk))(n) ↓> pk+1], (11)

òî (íåêîòîðûì çàðàíåå �èêñèðîâàííûì ý��åêòèâíûì ñïîñîáîì) âûáåðåì

ðàöèîíàëüíîå vk, òàêîå, ÷òî

pk+1 < vk & ∃n [vk < ρϕj(S(tk))(n) ↓] & vk < wk, (12)

è äëÿ âñåõ u0, u1 ∈ Q, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì pk+1 6 u0 6 vk è

vk 6 u1 6 pk, äîáàâèì â P ïàðû 〈u0, m0,k〉 è 〈u1, m1,k〉, ãäå

m0,k =
rk+1 − tk

pk+1 − vk
u0 −

rk+1 − tk

pk+1 − vk
vk + tk, m1,k =

tk − rk

vk − pk
u1 −

tk − rk

vk − pk
pk + rk.

Òåïåðü ïðåäïîëîæèì, ÷òî k íå÷åòíî. Âûáåðåì êàêîå-íèáóäü n, äëÿ êîòî-

ðîãî

rk − tk > 2−n.

Åñëè ϕ
(2)
j (S(wk), n) ↓, òî âûáåðåì ðàöèîíàëüíûå vk è zk, äëÿ êîòîðûõ

0 < wk − vk < 2−ϕ
(2)
j (S(wk),n)& 〈vk, zk〉 ∈ P,

è ðàöèîíàëüíîå t′k, òàêîå, ÷òî

tk < t′k < rk & t′k − zk > 2−n,

à çàòåì äëÿ âñåõ u0, u1 ∈ Q, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì vk 6 u0 6 wk

è wk 6 u1 6 pk, äîáàâèì â P ïàðû 〈u0, m0,k〉 è 〈u1, m1,k〉, ãäå

m0,k =
zk − t′k
vk − wk

u0 −
zk − t′k
vk − wk

wk + t′k, m1,k =
t′k − rk

wk − pk
u1 −

t′k − rk

wk − pk
pk + rk.

Òàêèì îáðàçîì, L-îïåðàòîð F ÿâëÿåòñÿ êóñî÷íî-ëèíåéíîé �óíêöèåé,

òàêîé, ÷òî äëÿ âñåõ k ñïðàâåäëèâî αF (S(pk)) = rk è åñëè vk îïðåäåëåíî, òî
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αF (S(vk)) = tk ïðè ÷åòíîì k, è αF (S(vk)) = zk, αF (S(wk)) = t′k ïðè íå÷åòíîì k.

Ñòàëî áûòü, äëÿ êàæäîãî e ∈ L, óäîâëåòâîðÿþùåãî óñëîâèþ 0 6 αe 6 1,
ñóùåñòâóåò i ∈ L, äëÿ êîòîðîãî αe = αF (i).

Ïîêàæåì, ÷òî F íå èìååò îáðàòíîãî L-îïåðàòîðà íà îòðåçêå [0, 1]. Ïðåä-
ïîëîæèì, íàïðîòèâ, òàêîé îïåðàòîð G ñóùåñòâóåò. Âûáåðåì òàêîå k = 2j,
÷òî ϕj(e) ↓= G(e) äëÿ âñåõ e ∈ L. Ïðîâåðêè (11) è (12) â ïîñòðîåíèè P

îáåñïå÷èâàþò, ÷òî

αG(S(tk)) < αϕj(S(tk)).

Ïîëó÷åííîå íåðàâåíñòâî ïðîòèâîðå÷èò âûáîðó k.

Ïîêàæåì, ÷òî F íå ÿâëÿåòñÿ íåïðåðûâíûì ñëåâà íà [0, 1]. Åñëè F íåïðå-

ðûâåí ñëåâà íà [0, 1] ïîñðåäñòâîì ϕ
(2)
j , òî ïðè k = 2j + 1 èìååì

0 < wk − vk < 2−ϕ
(2)
j (S(wk),n)&αF (S(wk)) − αF (S(vk)) > 2−n.

Îòñþäà ïîëó÷àåì ïðîòèâîðå÷èå ñ âûáîðîì j.
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